Quantum period query (QPQ) is a quantum algorithm for decision problems. A decision problem is specified by a funtion f A : {0,1}
Number partitioning
Number partitioning is the NP-complete problem of deciding whether there exists a bipartition A 0˙A1 of a set of strictly positive integers A={a 0 , a 2 , …, a n-1 }, such that:
In the following, we represent the set of bipartitions of A as the set of vertices x=x 0 x 2 …x n-1 , x i˛{ 0,1}, of the n-dimensional hypercube, with the convention that:
Then, x is a solution iff: We note that when x is a solution, x is also a solution.
-2 -Let f A : {0,1} n → {0,1} be such that:
f A (x) = 0 if x is not a solution of number partitioning on A, and f A (x) = 1 if x is a solution.
Let y˛{0,1} 2n . With k, x ˛{0,1} n , we can write y as y=k2 n +x. We consider a function h A : {0,1} 2n → {0,1} such that:
h A (y) = 0 if k is even, and h A (y) = f A (x) if k is odd. Proof:
Property. h A is a periodic function. The period of h
• h A is a periodic function. Taking y=k2 n +x, we have:
Hence h A is periodic and its period r is a factor of 2 n+1 .
• r=1 if the problem has no solution. Trivial: in that case, h A (y)=0 for all y˛{0,1} 2n .
• r=2 n+1 if the problem has solutions. Let x be a solution: x˛{0,1} n . Assuming r=2 i with i£n leads to a contradiction. Consider h A (2 n +x):
• h A (2 n +x) = 1 since k=1 is odd and x is a solution;
since r is the period of h A = 0 since k=0 is even. End of proof.
Quantum implementation of f A and h A
In order to provide full account for the quantum implementation of f A and h A , we introduce two auxiliary functions f and h in the definition of which the instance A of number partitioning is made explicit through additional parameters to these functions.
• f(x 0 , x 1 , …, x n-1 , a 0 , a 1 , …, a n-1 ) = 0 otherwise.
Clearly, with x=x 0 x 2 …x n-1 and A={a 0 , a 2 , …, a n-1 }, f(x 0 , x 1 , …, x n-1 , a 0 , a 1 , …, a n-1 )= f A (x). This function is implemented by a unitary quantum gate U f :
where x x x n 0 1 1 ... − is an n-qubit register, each a i is a p-qubit register, with p large enough to represent each of the elements of A and compute their signed sums, and u is a single qubit. A detailed implementation of the inner functioning of U f is presented in the appendix, where it can easily be seen that U f requires Θ(
Then, the function h:
,1} is such that:
U h , the unitary quantum gate for h, is built around U f as follows:
a a a n 0 1 1 Quantum period query can now be described as a three step algorithm: Originating with [Shor] in 1994, improved in later variants as those presented by [Nielsen and Chuang] , this is known to be a polynomial quantum algorithm.
(iii) Measure the first register: if r=1, 0 will always be observed. If r=2 n+1 , zero will be observed with a probability of only 1/2 n+1 , thus allowing to reach 1-ε certainty with only a few additional tries.
Quantum period query is therefore a polynomial quantum algorithm for number partitioning, a decision problem to which other NP-complete problems can be reduced in polynomial time (see for example [Papadimitriou] ). This constitutes a proof that NP BQP ⊆ , the class of all decision problems with polynomial time quantum algorithms which output eitheir « yes, there is a solution » or « no, there is no solution », with a probability of at least 3/4 to output the correct answer.
After the pionnering algorithms of [Shor] and [Grover] , quantum period query brings a surprisingly simple answer to the main question addressed in quantum computation research: can the ressources of quantum information processing solve all NP problems in polynomial time? The example chosen in this paper -number partitioning-shows the principle upon which a positive answer can be based, which is to encode the existence of a solution into the period of a function h A derived from the decision problem to be solved, i.e. into a global property of a function rather than keeping it local to the function f A directly expressing the problem classically.
A number of interesting exercises and generalisations remain to be explored. Instead of distinguishing among the values 1 and 2 n+1 for the period of h A , it is possible to distinguish among 2 n and 2 n+1 by taking another definition for the function f A :
For a few decision problems, including number partitioning itself, this could be a more natural or more elegant encoding. This suggests a further direction to be explored, namely counting problems, e.g. how many solutions are there for a given instance of number partitioning? An approach would be that f A : {0,1}
n implement a permutation among the solutions: the period of h A would then be 1 if there is no solution, or 2 n+s/2 if there are s≥2 solutions (when x is a solution, x is also a solution: the number of solutions is always even). This could be generalized to other counting problems not having this palindromic symmetry among their solutions.
Last but not least, search problems can also be encoded by means of a more general setting for quantum period query. This will be presented in a forthcoming paper.
Appendix: detailed implementation of U f
The set A={a 0 , a 2 , …, a n-1 } is assumed to be such that This requires p=log(n)+q+1 qubits for the signed sum. The a i 's will be encoded on p qubits, so that negative integers are encoded as follows:
With this encoding, we have the property that: ⊕ ( ) a n −1 a n −1 a n −2 a n −2
